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Introduction
Definitions and notations
We consider finite undirected graphs G(V,E) with no parallel edges and no selfloops, where V is the set of vertices and E the set of edges. For V'ŽV, G(V') is the vertex subgraph induced by V'. For E'ŽE, G(V',E') is the edge subgraph with edge-set E' and vertex-set V'=‰ e•E' {e}. For two subgraphs G 1 (U,F),G 2 (W,S) of G, their union is the graph G 1 ‰G 2 with vertex set U‰W and edge set F‰S, and their intersection is the graph G 1ˆG2 with vertex set UˆW and edge set FˆS. Two vertices connected by an edge are adjacent and we denote this by (u,v) . We also denote N G [v] ={u| (u v) •E}‰{v}. A subset of V is a clique if every two of its vertices are adjacent. By a path p in G we always mean a simple path; p is induced if it has no edges connecting non-consecutive vertices. If the edges of G are weighted, w(e) denotes the weight of an edge e. A spanning graph of G is an edge subgraph of G with the same vertex set as G.
Two subsets of a set intersect if they have a non-empty intersection. A graph G is
an intersection graph of a family S of subsets of a given set if there is a one-to-one correspondence between the vertices of G and the subsets in S such that two vertices are adjacent in G iff their corresponding subsets in S intersect.
A subtree of a graph H is an acyclic connected edge subgraph of H. A maximum weight spanning tree, or shortly a MWST of a weighted graph H is a spanning tree t having a maximum total weight ¦ e•t w(e). Two subtrees intersect if they have at least one vertex in common. A family S of subtrees of H is called 2-acyclic if the union of any two subtrees in S is acyclic. In Lemma 1 we prove that the union of two intersecting subtrees of a graph H is acyclic iff their intersection is connected. A unicycle is a connected graph with exactly one cycle.
The intersection graph problem is to determine whether a given graph is the intersection graph of a family of subsets of a specific type, of a set. Intersection graphs of intervals on a line, subtrees of a tree and arcs on a circle are called interval, chordal and circular-arc graphs [5, 6, 7, 14, 18] , respectively. Intersection graphs of subtrees on a unicycle and a cactus were considered in [11, 12] . Intersection graphs are of interest in various domains such as computer science, sociology, genetics and ecology [19, 20] . A graph G is chordal iff it is the intersection graph of a family of subtrees of a tree iff it is the intersection graph of a family of subtrees on a MWST of its weighted clique-graph [7, 10] . The row graph G(R,E) is the graph with vertex set R, two vertices r,s being connected by an edge iff r,s intersect, i.e., G(R,E) is the intersection graph of R. In Figure 1 we give an example of a matrix M(R,C), its weighted column graph Q(C,F), and its intersection graph
G(R,E).
For every r•R we denote by M r the submatrix of M defined by the columns c having M(r,c)=1, with the zero rows deleted; we denote by Q r the column graph of M r and by R r the set of rows of M r (Fig. 2) . For an edge e=(c i ,c j ) of Q and an r•c iˆcj , the columns c i ,c j appear in M r with the same set of ones as in M, therefore e has the same weight in every Q r as in Q. For every r•R we denote by G r (N G [r] ,E r ) -G r for short -the row intersection graph of R r (Fig. 2) . The graph G r is an edge subgraph of G(N G [r] ), but the two are not necessarily identical, since two rows r i ,r j •R may have a non-empty intersection being adjacent in G, while the intersection of r,r i ,r j is empty (see r=r 3 and r 1 ,r 5 , in Figure 1 and G r in Figure 2 ).
The problem
In this paper we consider the matrix intersection representation problem which is a variation of the intersection graph problem: Given a matrix M(R,C), determine whether there exists a graph H with vertex set C, such that for every r•R, H(r) is an induced subtree of H and the intersection of every two such subtrees is a tree. By Lemma 1 this condition is equivalent to their union being acyclic, and thus the problem is to determine whether the row graph G(R,E) is an intersection graph of a family {H(r)} r•R of 2-acyclic induced subtrees of a graph H(C). Since C is the vertex set of both H and Q (the weighted column Given M(R,C), there exists a graph H with vertex set C, such that every H(r), r•R, is an induced subtree of H, and the intersection of every two such subtrees is connected iff the adjacency matrix M of M has a 2-ASI representation on H. Therefore, all the theorems and algorithms in this paper for matrices M apply also to hypergraphs M. This formulation appearing in [4, 25] for the cases that H is a tree (acyclic hypergraphs) or a cycle (circular representable hypergraphs) was used in Database Systems to construct tree database
schemas [2] and analyze circular database schemas [17] . can be exponential but the maximal cliques need not appear as columns in M. In this case, the problem of finding an intersection representation directly from the intersection graph can be difficult. For example, the algorithm to find whether a graph is an intersection graph of arcs on a circle is polynomial but intricate [14, 18, 23] , while determining whether a matrix M has an intersection representation by arcs on a circle, called circular-ones property, can be solved in a simpler way [6, 24] by reducing it to the intersection representation of a matrix by intervals on a line (consecutive one's property [5, 16] ).
Applications
The matrix intersection problem is encountered in areas such as database management systems and computational biology [3, 17, 19, 22] . In the latter it arises when reconstructing a (linear or circular) genome from its pieces, and for the analysis of local databases T j , is answered efficiently on every local tree database schema T j and is transmitted economically to the query origin T i ; the answer from every T j is consistent with T i because T i ‰T j contains no cycle, being 2-acyclic. The answers are integrated into one answer, by solving at the query origin the cycles of H.
Summary of results
Algorithms for intersection representations of matrices are known for intervals on a line, arcs on a circle and subtrees on a tree [5, 6, 7, 16, 24] . We describe algorithms to find a 
Intersection representations of matrices by 2-acyclic subtrees on graphs
In this section we discuss 2-ASI representations of matrices M(R,C) on graphs H whose set of vertices is C. In Subsection 2. 
H is a spanning tree
We begin with Kruskal Algorithm [1, 15] for a MWST of a weighted graph. Note that a family of subtrees of a tree is always 2-acyclic. 
Kruskal Greedy Algorithm for a MWST of Q(C,F
Lemma 1:
The union of two intersecting subtrees t,g of a graph H is acyclic iff their intersection is connected, i.e., their intersection tˆg is a tree.
Proof: Consider two intersecting subtrees t,g of H such that tˆg is not connected.
Let x,y be vertices in distinct connected components of tˆg which are connected by a path p of minimum length in t; hence, p has no edges of g. But x,y are connected by a unique path in g which must contain an edge which is not in t: the union of the two paths contains a cycle.
Conversely, consider two intersecting subtrees t,g of H such that t‰g contains a cycle cy. The cycle cy is not contained in t or in g, hence it contains an edge e•t-g. 6 )} of Q r2 and t' r2 ‰t r4 is a tree (Fig. 3) . We obtain the tree t' r2 ‰t r4 also by directly adding to t r4 the edge (c 1 ,c 2 ).
In a tree t(V,E) consider a subtree t(U), UŽV.
H is a general spanning graph
In this subsection we describe algorithms to obtain 2-ASI representations of M on 
Note that if M has a 2-ASI representation on a spanning tree H of Q(C,F), then, by
Corollary 7, M has no 2-ASI representation on a spanning unicycle of Q(C,F), and conversely.
Intersection representations of matrices by 2-acyclic subtrees on unicycles
In this section we describe two algorithms to find 2-ASI representations of matrices M on spanning unicycles of Q(C,F). One algorithm is a special case of the algorithm for general graphs of Subsection 2.2. The other algorithm is an elimination algorithm similar to the one for trees [7] , mentioned in Subsection 2.1. has a 2-ASI representation on a spanning unicycle of Q, then all spanning graphs H of Q on which M has a 2-ASI representation are unicyles with the same number of edges and the same weight. Therefore, to determine whether M has a 2-ASI representation on a spanning unicycle of Q, we find by the greedy algorithm of Section 2 a 2-ASI representation on a spanning graph H of Q and check whether H is a unicycle by checking that it has |C| edges.
If a matrix M has a 2-ASI representation on a spanning unicycle H of Q(C,F), H does not have to be a maximum weight spanning unicycle of Q(C,F
There is an alternative algorithm (similar to the one in [7] for subtrees on trees) to 
H=H'‰{(c',c)}.
Elimination Algorithm for a 2-ASI representation of a matrix M on a spanning unicycle of Q. We alternately eliminate from M rows contained in only one column, and columns contained in other columns, until no more possible. If the remaining matrix M" has only one column, then M has a 2-ASI representation on a spanning tree, not an unicycle, of Q. If M" has more than one column (in fact more than two), then we must check that M" has the circular-ones-property (has an intersection representation by arcs on a circle) by reducing to the consecutive-ones property [6, 24] : Given M, we take a column c and for every r•c we replace in r the ones by zeroes, and the zeroes by ones to obtain a matrix M'. This is equivalent to replacing every arc r•c in the circular-arc representation on a cycle CY by its complementary arc CY-r. Therefore, M has the circular-ones property iff M' has the consecutive-ones property, i.e., has an intersection representation by intervals on a line, to be found by the algorithms in [5, 16] .
Assume that no row r contains all the vertices of CY (see Lemma 9 The above elimination algorithm can also be used to obtain intersection representations in which it is allowed for two subtrees to cover cy H , or to obtain intersection representations by induced subgraphs which are either subtrees or unicycles.
Intersection representations of matrices by unicycles on graphs
In this section we discuss intersection representations of matrices M by unicycles on graphs H with vertex set C; we assume that Q(C,F) is connected, thus H must be a connected spanning graph of Q(C,F). 
Related problems and extensions
In the matrix intersection representation problem the graph H can be a general graph, or a graph of a specific type, like a line, a circle, a tree, a unicycle, a cactus or an outerplanar graph. Similarly, instead of the H(r)'s being trees, we can request that they be paths, directed paths or unicycles. We note that any graph H can be obtained as a 2-ASI representation of some matrix M, by taking the columns of M to be the vertices of H, the rows of M to be the edges of H, M being the incidence edges-vertices matrix of H: the subtree corresponding to a row e of M contains the edge e only.
The problem of a 2-ASI representation of a matrix M on a spanning graph H of Q can be restricted to paths instead of trees. References [8, 9, 21] 
